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1. Introduction 

Recall that an almost complex structure on a Riemannian manifold (M, g ) is 
called almost Hermitian if it is ^-orthogonal. If a Riemannian manifold admits an 
almost Hermitian structure, it has many such structures. One way to see this is to 
consider the twistor bundle n : Z —> M whose fibre at a point p € M consists of all 
^-orthogonal complex structures J p : T p M T p M (J p = —Id) on the tangent space 
of M at p. The fibre is the compact Hermitian symmetric space 0(2n)/U(n) and 
its standard metric — ^Trace J\ o J 2 is Kahler-Einstein. The twistor space admits 
a natural Riemannian metric h such that the projection map 7 r : (Z,h) —> ( M,g) 
is a Riemannian submersion with totally geodesic fibres. Now suppose that (iff, g) 
admits an almost Hermitian structure J, i.e. a section of the bundle 7r : Z —> M. 
Take a section V with compact support K of the bundle J*V —> M , the pull-back 
under J of the vertical bundle V —> Z. There exists e > 0 such that, for every 
point I of the compact set J(K ), the exponential map expi is a diffeomorphism of 
the e-ball in TiZ. Set Jt{p) = expj( P )[tV(p)] for p £ M and t e (—e,e). Then J t is 
a section of Z , i.e. an almost Hermitian structure on ( M,g ) (such that Jt = J on 
M\K ). 

Thus it is natural to seek for ” reasonable” criteria that distinguish some of the 
almost Hermitian structures on a given Riemannian manifold (cf., for example, 
[6, 23, 24, 4]). Motivated by the harmonic maps theory, C. Wood [23, 24] has 
suggested to consider as ’’optimal” those almost Hermitian structures J : ( M,g ) —»• 
( Z , h ) that are critical points of the energy functional under variations through 
sections of Z , i.e. that are harmonic sections of the twistor bundle. In general, 
these critical points are not harmonic maps, but, by analogy, they are referred to 
as ’’harmonic almost complex structures” in [23, 24]. 

The almost Hermitian structures that are critical points of the energy functional 
under variations through all maps M —>• Z are genuine harmonic maps and the 
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purpose of this paper is to find geometric conditions on a four-dimensional almost 
Hermitian manifold ( M,g,J ) under which the almost complex structure J is a 
harmonic map of (M,g) into ( Z,h ). We also find conditions for minimality of the 
submanifold J(M) of the twistor space. As is well-known, in dimension four, there 
are three basic classes in the Gray-Hervella classification [14] of almost Hermitian 
structures - Hermitian, almost Kahler (symplectic) and Kahler structures. If ( g , J) 
is Kahler, the map J : (. M,g ) (Z,h) is a totally geodesic isometric imbedding. 
In the case of a Hermitian structure, we express the conditions for harmonicity 
and minimality of J in terms of the Lee form, the Ricci and star-Ricci tensors of 
(. M,g , J), while for an almost Kahler structure the conditions are in terms of the 
Ricci, star-Ricci and Nijenhuis tensors. Several examples illustrating these results 
are discussed in the last section of the paper, among them a Hermitian structure 
that is a harmonic section of the twistor bundle and a minimal isometric imbedding 
in it but not a harmonic map. 


2. Preliminaries 

Let (M, g) be an oriented Riemannian manifold of dimension four. The metric 
g induces a metric on the bundle of two-vectors tt : A?TM M by the formula 

g(v i A V 2 ,v 3 A i> 4 ) = 7 jdet[g(vi,Vj)]. 

The Levi-Civita connection of (M, g) determines a connection on the bundle A 2 TM, 
both denoted by V, and the corresponding curvatures are related by 

R{X AY)(Z A T) = R{X, Y)Z AT + Z A R{X, Y)T 

for X,Y,Z,T £ TM. The curvature operator 1Z is the self-adjoint endomorphism 
of A 2 TM defined by 

g(R(X A Y), Z AT) = g(R(X, Y)Z , T) 

Let us note that we adopt the following definition for the curvature tensor R : 

i?(X,F) = V [ x,v ] -[Vx,Vv]. 

The Hodge star operator defines an endomorphism * of A 2 TM with * 2 = Id. 
Hence we have the orthogonal decomposition 

A 2 TM = A 2 _TM © A \TM 

where A\TM are the subbundles of A 2 TM corresponding to the (±l)-eigenvalues 
of the operator *. 

Let (£i, £ 2 , £ 3 , E 4 ) be a local oriented orthonormal frame of TM. Set 

s 4 = Ei A E 2 © £3 A £ 4 , S 2 = Ei A E 3 + E 4 A A 2 , S 3 = Ei A E 4 + E 2 A E 3 . 

( 1 ) 

Then (si, S 2 , S 3 ) is a local orthonormal frame of A +TM defining an orientation on 
AiTM, which does not depend on the choice of the frame (Ei, £ 2 , £ 3 , £ 4 ). 

For every a £ A 2 TM , define a skew-synnnetric endomorphism K a of T n ( a )M by 

g(K a X,Y) = 2g(a,XAY), X,Y£T 7 r{a) M. (2) 

Note that, denoting by G the standard metric Trace PQ on the space of skew- 
symmetric endomorphisms, we have G(K a ,Kb) = 2 g(a,b) for a,b £ A 2 TM. If 
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a G A \TM is a unit vector, then K a is a complex structure on the vector space 
compatible with the metric and the orientation of M. Conversely, the 2- 
vector a dual to one half of the fundamental 2 -form of such a complex structure is 
a unit vector in A 2 ,TM. Thus the unit sphere subbunlde Z of A 2 + TM parametrizes 
the complex structures on the tangent spaces of M compatible with its metric and 
orientation. This subbundle is called the twistor space of M. 

The Levi-Civita connection V of M preserves the bundles A \TM, so it induces a 
metric connection on each of them denoted again by V. The horizontal distribution 
of A ~,TM with respect to V is tangent to the twistor space Z. Thus we have the 
decomposition TZ = H © V of the tangent bundle of Z into horizontal and vertical 
components. The vertical space V T — {V £ T t Z : 7r*V = 0} at a point r G Z 
is the tangent space to the fibre of Z through r. Considering T t Z as a subspace 
of T t (A^_TM) (as we shall always do), V T is the orthogonal complement of r in 
A \T 7 r ( T )M. The map V 9 V r —> Ky gives an identification of the vertical space 
with the space of skew-symmetric endomorphisms of T n ^ T \M that anti-commute 
with K t . Let s be a local section of Z such that s(p) = r where p = n(r). 
Considering s as a section of A5.TM, we have Vas G V r for every X £ T p M since 
s has a constant length. Moreover, = s*X — Va'S is the horizontal lift of X at 

T. 

Denote by x the usual vector cross product on the oriented 3-dimensional vector 
space A+TpM, p £ M, endowed with the metric g. Then it is easy to check that 

g(R(a)b,c) = g{R{b x c),a) (3) 

for a £ A 2 T p M 1 b,c £ A 2 + T p M. It is also easy to show that for every a, b £ A 2 + T p M 

I\ a o K b = - g(a , b)Id + K axb . (4) 

For every t > 0, define a Riemannian metric ht. by 

ht(X£ + V, Y a h + W) = g(X, Y) + tg(V, W) 
for a £ Z + , X,Y £ V, W £ V a . 

The twistor space Z admits two natural almost complex structures that are 
compatible with the metrics ht■ One of them has been introduced by Atiyalr, 
Hitchin and Singer who have proved that it is integrable if and only if the base 
manifold is anti-self-dual [2]. The other one, introduced by Eells and Salamon, 
although never integrable, plays an important role in harmonic maps theory [ 11 ]. 

The action of on A 2 R 4 preserves the decomposition A 2 R 4 = A^_R 4 ® 

A^R 4 . Thus, considering S 2 as the unit sphere in A^_R 4 , we have an action of 
the group 50(4) on S 2 . Then, if SO(M) denotes the principal bundle of the 
oriented orthonormal frames on M, the twistor space Z is the associated bundle 
SO{M) Xgo( 4 )S 2 . It follows from the Vilms theorem (see, for example, [3, Theorem 
9.59]) that the projection map n : ( Z,ht .) —> (M,g) is a Riemannian submersion 
with totally geodesic fibres (this can also be proved by a direct computation). 

Let (N, xi,..., £ 4 ) be a local coordinate system of M and let {E\,...,EA) be an 
oriented orthonormal frame of TM on N. If (si, S 2 , S 3 ) is the local frame of A 2 + TM 
define by (1), then x a = x a o 7 r, Ujir) = g(r, (Sj o 7 r)(r)), 1 < a < 4, 1 < j < 3, are 
local coordinates of A 2 + TM on 7 r - 1 (iV). 
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The horizontal lift X h on n 1 (N) of a vector field 


4 

x = j2 xa 

a— 1 


d 

dx a 


is given by 


Hence 


X h 




o 7 r) 


_a_ 

9X a 


3 

j,fe=i 


Sfc) O 7T) 




( 5 ) 


= [X,y]^+ £ y j {g(R(XAY)a j ,a k ) 0 w)^- (6) 

j,fc=i 

for every vector fields X, F on I. Let t £ Z. Using the standard identification 
T r (A ^T n ^M) = Awe obtain from ( 6 ) the well-known formula 

= [X,F^ + J R P (XAF)T, p = 7T(r). (7) 

Denote by D the Levi-Chivita connection of (Z,ht). Then we have the following 


Lemma 1. ([8]) If X,Y are vector fields on M and V is a vertical vector field on 
Z, then 

(D X hY h ) T = (X x Y) h T + l -R p {X A Y)t, (8) 


(D v X h ) T = H(D X hV) T = ~{Rp(T x V)X) h T (9) 

where t £ Z, p = tt (t), and H means ’’the horizontal component”. 

Proof. Identity ( 8 ) follows from the Koszul formula for the Levi-Chivita con¬ 
nection and (7). 

Let IT be a vertical vector field on Z. Then 

h t (D v X h , W) = -h t {X h , D V W) = 0 

since the fibres are totally geodesic submanifolds, so DyW is a vertical vector field. 
Therefore DyX h is a horizontal vector field. Moreover, [ V , X h ] is a vertical vector 
field, hence DyX h = 'HD X hV. Thus 

h t (D v X h ,Y h ) = h t (D X hV, Y h ) = —h t (V, D X hY h ). 

Now (9) follows from ( 8 ) and (3). 


Let (A'fig.J) be an almost Hermitian manifold of dimension four. Define a 
section 3 of A 2 TM by 

«7(3,XAF) = i 5 (JX,n X,Y£TM. 

Note that the section 2-3 is dual to the fundamental 2-form of ( M,g , J). Consider 
M with the orientation induced by the almost complex structure J. Then 3 takes 
its values in the twistor space Z of the Riemannian manifold (M,g). 

Let J\ and J‘i be the Atyah-Hitchin-Singer and Eells-Salamon almost complex 
structures on the twistor space Z. It is well-known (and easy to see) that the map 
3 : (M, J) — > (Z, J\) is holomorphic if and only if the almost complex structure J is 
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integrable, while 5 : ( M,J ) —> (Z,J 2 ) is holomorphic if and only if J is symplectic 
(i.e. (g, J) is an almost Kahler structure). 

In this note we are going to find geometric conditions under which the map 
5 : ( M,g ) (Z,h t ) that represents J is harmonic. 

Let Z X TZ M be the pull-back of the bundle TZ Z under the map 
3 : M —> Z. Then we can consider the differential J* : TM -A TZ as a section of 
the bundle Hom(TM,Z~ 1 TZ) —> M. Denote by the connection on Z~ X TZ 
induced by the Levi-Civita connection D on TZ. The Levi Civita connection V 
on TM and the connection on Z~ 1 TZ induce a connection V on the bundle 
Hom(TM,Z~ 1 TZ). The map 5 : (M, g) —> ( Z,ht ) is harmonic iff 

Trace g XZ* = 0 . 

(cf., for example, [10]). Recall also that the map 5 : ( M,g ) -A ( Z,h t ) is totally 
geodesic iff VJ* = 0 . 


Proposition 1. For every 1,7 g T P M, p £ M, 

V x )*(X,T) = — — 3(V^-yJ, d)d(p) + Vy A - t l — 5 (Vy X Z ’ b )b (p) 

—t{R p {Z x X x Z)Y) h a - t(R p (Z x Vy 3 )X)£] 
where = X x XyZ — Vv x yd is the second covariant derivative of Z- 


Proof. Extend X and Y to vector fields in a neighbourhood of the point p. Take 
an oriented orthonormal frame E\, ...,£4 near p such that £3 = JE 2 , £4 = J£i, 
so 3 = S 3 . Define coordinates ( x a ,yj) as above by means of this frame and a 
coordinate system of M at p. Set 


V 2 


Vi = (l- ylr 1/2 {yz 


dyi 


d \ 


(1 - yf) 1/2 (-yiy2-S- + (l - yl)fr- - yiys-f-)- 
ayi ay 2 ays 


Then V\ , V 2 is a (/-orthonormal frame of vertical vector fields in a neighbourhood of 
the point a = Z{p) such that V\ o Z = Si, V 2 0 Z = S 2 . Note also that [Vi, Vf\ a = 0 . 
This and the Kozsul formula imply (Dy k Vi) a = 0 since Dy k Vi are vertical vector- 
fields, k. I = 1,2. Thus DwVi = 0, l = 1,2, for every vertical vector W at a. We 
have 

2 

3* O Y = Y h 03 + Vy3 = Y h o3 + y^ #(Vy3, Sk)(Vk o 3), 

k=1 


hence 


D$\Z* o Y) = (D^ x Y h ) o Z + ELi 9(VyZ, 8 k )(D 3mX \ 4) o 5 


+ Sfc) + g{VyZ, VxSfc)](Vfc 0 Z) 

This, in view of Lemma 1, implies 


D ( x !(Z*°Y) = (X x Y)f + \R{X,Y)a 
- f -(R P (Z x X x Z)Yt - \(Rp(Z x X Y Z)X) h a 
+ ELi 9(X x V y Z, Sfc)sfc(p) + YLMVyZ, Sk)[X h , 14]<t + 5(Vy3, VxSfe)sfc(p)]. 
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An easy computation using (5) gives 

[X h ,Vi] a =ff(VxSi,s 2 )s 2 (p), [X h ,V 2 ] a = 3 (V A -s 2 ,Si)si(p). 

These identities imply 
2 

Sk)[X h , Vfc] CT + g(VyZ, VxSfe)Sfc(p)] = 0. 

fc =i 

Since g(Vx3,3) = 0 for every X £ T P M, we have 

<jf(VyVx-3,3) = —ff(Vx3, Vy3) = <?(VxVy5,3) 

Hence 

2 1 

y^g(VxVr3) Sfc)s fc Q) = VxVy^— ^[ff(VxVy3 + VyV.\-3,3]3(p)- 

fc=l 

It follows that 

Va*(A,y) = D®(3 t oF) - (VaT)J - V Vx r3 

= -[VxVy3 — Vv x y 3 — ff(VxVy3,3)3(p) 

+VyVx3 — Vv y A'3 — fl^VyVx^, 3)3(p) 

-t(i2p(3 x V a - 3)F)S - t(i2p(3 x Vy3)*)£)]. 

Corollary 1. If (M, g, J) is a Kcihler surface, the map 5 : ( M,g ) -A (Z,ht) is a 
totally geodesic isometric imbedding. 

Remark 1. By a result of C. Wood [23, 24], J is a harmonic almost complex 
structure, i.e. 5 a harmonic section of the twistor space (. Z,h t ) —> ( M,g) if and 
only if [J, V*V J] = 0 where V*V is the rough Laplacian. Taking into account that 
V*VJ = —TraceX 2 J , one can see that the latter condition is equivalent to 

g(Trace V 2 C(, A A Y - JX A JY) = 0, X,Y £ TM, 

which is equivalent to VTraceX 2 (J = 0. Thus, by Proposition 1, -J is a harmonic 
section if and only if 

VTrace Vo* = 0. 

3. Harmonicity of J 

Let fi (X,Y) = g(JX,Y) be the fundamental 2-form of the almost Hermitian 
manifold ( M,g , J). Denote by N the Nijenhuis tensor of J 

N(Y , Z) = -[Y, Z} + [JY, JZ] - J[Y, JZ] - J[JY, Z]. 

It is well-known (and easy to check) that 

2 5 ((Vy J)(Y), Z) = dft(X, Y, Z) - dn(X, JY, JZ) + g(N(Y, Z), JX), 


for all X,Y,Z £ TM. 


( 10 ) 
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3.1. The case of integrable J. Suppose that the almost complex structure J 
is integrable. This is equivalent to (V_\ :J)(Y) = (Vjx J)(JY), X, Y G TM [13, 
Corollary 4.2]. Let B be the vector field on M dual to the Lee form 9 = — <50 o J 
with respect to the metric g. Then (10) and the identity dfi = 6 A fi imply the 
following well-known formula 

2(Vx J)(Y) = g(JX, Y)B - g(B , Y)JX + g{X 7 Y)JB - g(JB, Y)X. 

( 11 ) 

We have 

g(XxZ,Y AZ) = \g{{X x J){Y),Z) 

and it follows that 

XxZ = ^(JX AB + X AJB). (12) 

The latter identity implies 

= i[(Vx J)(Y) AB + YA ( V X J)(B) + JY A V X B + Y A JV X B}. 

(13) 

Now recall that the *-Ricci tensor p* of the almost Hermitian manifold (. M,g , J) 
is defined by 

p*{X, Y) = trace{Z -a R(JZ, X)JY}. 

Note that 

p*(JX,JY) = p*(Y,X ), (14) 

in particular p*(X, JX) = 0. 

Denote by p the Ricci tensor of the Riemannian manifold ( M,g ). 

Theorem 1. Suppose that the almost complex structure J is integrable. Then 
the map J : (M,g) -A ( Z,ht ) is harmonic if and only d9 is a (l,l)-/orm and 
p{X, B) = p*{X, B) for every X e TM. 

Proof. According to Proposition 1 the map 3 is harmonic if and only if 

VTraceXZ * = VTraceX 2 Z = 0 

and 

TLTraceXZ* = Trace {TM A X —> R(Z x Va'3)A1} = 0. 

It follows from identity (13) that for every X,Y G TM 

4g(Trace V 2 3, X AY) = 

-giy JX B , Y) + g(Xj Y B, X) - g(X x B, JY) + g(X y B, JX) + \\B\\ 2 g{X, JY) 

„ (15) 

= —dO{JX 7 Y) - d9(X, JY) + \\B\\ 2 g{X, JY). 

Take an orthonormal frame E\,E 2 = JEi, E 3 , E 4 = JE 3 so that 3 = Ei A JE\ + 
E 3 A JE 3 . Then (15) implies 

4 giTrace X 2 Z,Z)g{Z, X AY) = -\\B\\ 2 g{JX, Y). 

Therefore 

4g(V Trace V 2 3, X AY) = 4 [g(Trace V 2 Z , X AY) — g(Trace V 2 ^, Z)g{Z, X A Y)} 

=-dO(JX,Y) ~d9{X,JY). (1 6 ) 
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Thus V Trace V 2 d = 0 if and only if d9(J X, Y)+d9(X , JY) = 0, which is equivalent 
to d6 being of type (1,1). 

Identity (12) implies that 

d x = g(y Xxh «2)s3 — g(y Xxh S3)s2 = g(VjxZ, S3)s3 + g(Vjx3, S2)s2 

= V./A-3 = -\{x AB-JXA JB). 

It follows that for every X G TM 

4 

2'HTrace V3* = 2 ^ g(R(Z x V Ei Z)E u X) = -p(X, B) + p*(X, B) 

i=i (17) 


This proves the theorem. 

Remark 1 and the proof of Theorem 1 give the following. 


Corollary 2. The map 3 : ( M,g ) —> ( Z,ht.) representing an integrahle almost 
Hermitian structure J on (M,g ) is a harmonic section if and only if the 2-form d9 
is of type ( 1 , 1 ). 

Remark 2. Note that the 2-form d9 of a Hermitian surface (AI,g,J) is of type 
(1,1) if and only if the *-Ricci tensor p* is symmetric. 

Indeed, let s = Trace p and s* = Trace p* be the scalar and ^-scalar curvatures. 
Set 

L(X, Y) = (V A :9)(Y) + ±9(X)0{Y), X, Y e TM. 

Formula (3.4) in [22] implies the following identity ([19]) 

p{X, Y) - p* (X, Y) = t [L(JX, JY) - L(X, Y)] + S ~^g(X, Y). 

It follows that, when p is J-invariant, p* is symmetric if and only if L{JX 1 JY) — 
L(JY, JX) = L(X,Y) — L(Y,X). This identity is equivalent to d9(JX, JY) = 
d9(X,Y), which means that d9 is of type (1,1). 


3.2. The case of simplectic J. Recall that an almost Hermitian manifold is 
called almost Kalrler (or symplectic) if its fundamental 2-form is closed. 

Denote by Aq TM the subbundle of A+TM orthogonal to d (thus Aq T p M = 
Vj( p )). Under this notation we have the following. 

Theorem 2. Let ( M,g,J ) be an almost Kahler 4-manifold. Then the map d : 
(. M,g) -A (Z, ht) is harmonic if and only if the *-Ricci tensor p* is symmetric and 

Trace {A^TM 9 t R(t)(N(t))} = 0. 

Proof. The 2-form H is harmonic since dfi = 0 and = O, so by the 
Weitzenbock formula 

(Trace V 2 fl)(X, Y) = Trace{Z -a (. R(Z , Y)Sl)(Z, X) - (R(Z, X)Ll)(Z , Y)}, 
X,Y e TM (see, for example, [10]). We have 

(R(Z,Y)fl)(Z,X) = -fl(R(Z,Y)Z,X) - Q(Z,R(Z,Y)X) 

= g(R(Z , Y)Z, JX) + g(R(Z, Y)X, JZ). 

Hence 

(Trace X 2 fl)(X, Y) = p(Y, JX) - p(X, JY) + 2 p*(X, JY). 
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Thus 

2 g(Trace V 2 3, X A Y) = (Trace V 2 0)(AT, Y) = p(Y, JX) - p(X, JY) + 2 p*(X, JY). 

(18) 

Let Ei ,..., E 4 be an orthonormal basis of a tangent space T p M such that E 2 = JE\, 

£4 = JE 3 . Define Si,S2,s 3 by (1). Then (j (p) = s 1 and V 3 ( p) = span{s 2 , S3}. By 
Proposition 1 and identity (18) 

g(Trace V 2 (J*, s 2 ) = g{TraceX 2 Z, s 2 ) = p*(E 1 ,E i ) - p*(£ 4 , £1), 

g(TraceX 2 Z*,s 3 ) = g{Trace\/ 2 Z, s 3 ) = -p*{E x , E 3 ) - p*(E 2 , E 4 ). (19) 

It follows, in view of (14), that VTraceV 2 (J* = 0 if and only if p*{Ei,Ej) = 
p*{E j ,E i ), i,j = 1,..., 4. 

In order to compute 'HTraceS/p* = Trace {TM 9 X —> {R(Z x V.y 3)^) /i } we 
hrst note that, by (10), 

g((V x J)(Y), Z) = \g{N{Y, Z), JX). 

Then 

5 (Vx 3,LA2) = \g{(y x J){Y),Z) = \g{N{Y,Z),JX) 

The Nijenhuis tensor N(Y, Z) is skew-symmetric, so it induces a linear map A 2 TM —> 
TM which we denote again by N. It follows that, for every a £ A 2 TM and 

X £ TfffajM, 

g(V x 3,a) = ±g(N(a),JX). (20) 

Take an orthonormal basis E ±,..., £4 of T p M, p £ M, with E 2 = JE\, E 4 = JE 3 . 
Define si, s 2 , S3 by (1). Then (J = si and 

Z X V X Z = g(XxZ,s 2 )s 3 - g(VxZ, s 3 )s 2 = -i[3(JA^(s 2 ),X)s 3 - g(JN(s 3 ), X)s 2 ] 

= ^[g( N (s 3 ),X)s 3 + g(N{s 2 ),X)s 2 ] = -V JX Z, 
in view of (20) and the identities 

N{JX,Y) = N{X, JY) = -JN{X,Y), X,Y £T P M. (21) 

Therefore 

giTrace {TM 9 X -9 R(Z x V*3)£}, Y) = - Zt= 1 d{R{Yj Ei Z)E u Y) 

= Eti [ff(V jE t Z, s 2 )g{R{s 2 )Y ., Ei) + g{X JEi Z, s 3 )g(R{s 3 )Y, Ei)} 

— 9 (Vjr( S 2 )yZ, s 2 ) + g(V jr( S 3 )yZ, s 3 ) 

= ~^[ 9 (X(s 2 ),R{s 2 )Y) + g(N(s 3 ),R{s 3 )Y)] 

= \[g(R(s 2 )(N(s 2 )),Y) + g(R(s 3 )(N(s 3 )),Y)]. 

Thus 

4 giTrace {TM 9l9fl(3x XxZ)X}, Y) = g {Trace {A \TM 9 r -X R(t)(N(t))}, Y). 


This proves the theorem. 
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4. Minimality of Z 

The map 3 : M — > Z is an imbedding and, in this section, we discuss the problem 
when Z(M) is a minimal submanifold of (Z, ht). 

Let D' be the Levi-Civita connection of the metric on Z(M) induced by the 
metric h t on Z. Let II be the second fundamental form of the submanifold 2{M). 
Then, as is well-known (and easy to see), for every vector fields X,Y on M 

VZ*(X, Y) = D'^ X (Z* 0 Y 0 J- 1 ) + n(3,X,3,L) - X(V a -F). 

Thus n(3*X,3*I0 is the normal component of V3*(X, Y), in particular (J(M) is a 
minimal submanifold if and only if the normal component of Trace \7Z* vanishes. 

4.1. The case of integrable J. 

Theorem 3. Suppose that the almost complex structure J is integrable. Then the 
map 3 : M —> (Z, ht) is a minimal isometric imbedding if and only if dO is a (1,1) 
form and p(X,B) = p*(X,B) for every X _L {B,JB}. 

Proof. Let p £ M and suppose that B p = 0. Then V(T| P = 0 by (12). Hence 
MY = *S (pl for every X £ T p M. Thus the tangent space of Z (M) at the point 
Zip) is the horizontal space TL^( P ), while the normal space is the vertical space 
V-pjjj . Let Ei, E 2 = JE\, E 3 , E 4 = JE 3 be an orthonormal basis of T p M and 
define Si,S2,S3 by formula (1). Then Zip) = s 1 and Vj( p ) = span{s2,S3} Hence 
the normal component at Zip) of TraceXZ* vanishes if and only if 

giVTraceVZ*, s 2 ) = giVTraceVZ*, s 3 ) = 0. 

Applying (16), we see that this is equivalent to 

d0iE 2 ,E 3 ) = -dOiEuEi), d0{E 2 ,E 4 .)=d0iE 1 ,E 3 ). 

The latter identities are equivalent to idd) p being of type (1,1). 

Now assume that B p ^ 0. Then we can find an orthonormal basis of T p M of the 
form E, JE , | \\BpW~ 1 JB P . It follows from (12) that 

E kr) 

is a /q-orthogonal basis of the normal space of 3(M) at Zip)- Therefore, according 
to Proposition 1, the normal component of the vertical part of TraceXZ* at s(p) 
vanishes if and only if 

giVTraceX 2 Z,X eZ) = s(V Trace V 2 (j, V JE Z) = 0. 

It follows from (12) and (16) that the latter identities hold if and only if ddiX, B) = 
ddiJX , JB) for every X J_ {B p , JB p }, which is equivalent to d6 being of type (1,1). 
Moreover, by (17), the normal component of the horizontal part of TraceXZ* 
vanishes if and only if 

-p{E, B) + p*(E, B) = -piJE, B) + p*iJE, JB) = 0, 

or, ecjuivalently, p(X, B) = p*(A, B) for every X £ T p M , X _L {B p , JB p }. 

Corollary 3. If J is integrable and the Ricci tensor is J-invariant then, the map 
(J : M iZ, h t ) is a minimal isometric imbedding. 



ALMOST COMPLEX STRUCTURES THAT ARE HARMONIC MAPS 


11 


Proof. According to [19, Lemma 1], the Ricci tensor p is J-invariant if and only 
if 


Thus p* is symmetric if p is J-invariant, hence dO is of type (1,1) by Remark 2. 
Moreover, clearly p(X,B) = p*(X,B) for X 1 B. Thus the result follows from 
Theorem 3. 

This proof and Corollary 2 give the following 

Corollary 4. If J is integrable and the Ricci tensor is J-invariant, then 5 : 
(. M,g ) -7 ( Z,ht ) is a harmonic section. 

Remark 3. By [1, Theorem 2], every compact Hermitian surface with J-invariant 
Ricci tensor is locally conformally Kahler, d9 = 0. Moreover, if its first Betti 
number is even, it is globally conformally Kahler ([21]). It is still unknown whether 
there are compact complex surfaces with J-invariant Ricci tensor and odd first 
Betti number. 

4.2. The case of symplectic J. Set A f p = span{N(X, Y) : X, Y £ T p M }, 
p £ M, so Af p = N(A 2 T p M). Identity (21) implies that N{A 2 _T p M) = 0 and 
N(Z) — 0. Hence J\f p = N(AqT p M) is a J-invariant subspace of T p M of dimension 
0 or 2. 

Theorem 4. Let (M, g , J) be an almost Kahler 4-manifold. Then the map 3 : 
M —» (. Z , ht) is a minimal isometric imbedding if and only if the -k-Ricci tensor p* 
is symmetric and for every p £ M 

Trace {AqT p M 9 r —> R p (t)(N(t))} £ A f p . 

Proof. Suppose that N p = 0 for a point p £ M. Then V3| p = 0 by (20). 
Hence 3,(X) = X$ (p) for every X £ T p M. Thus the normal space of 2{M) at the 
point Z(p) is the vertical space V 3 ( p ). Therefore the normal component at Z(p) of 
Trace V(J* vanishes if and only if 

g{TraceXZ*,S 2 ) = g(TraceXZ*, S3) = 0. 

where s 2, S3 are defined via (1) by means of an orthonormal basis E\, ..., E 4 of T p M 
such that E 2 = JEi, E 4 = JE 3 . According to (19) (and in view of (14)) the latter 
identities are equivalent to p*{X,Y ) = p*(Y,X) for every X, Y £ T p AI. 

Now assume that N p 7^ 0. Then there exists r £ K 2 + T p M , ||t|| = 1, such that 
t _L 3(p) and N(t) 7^ 0. Take a unit vector Ei £ T p M and set E 2 = JE \, 
£3 = K t Ei, £4 = x T Ej. Then £1,..., £4 is an orthonormal basis of T p M 
such that Z(p) = si, r = s 2 , Z(p) x r = s 3 . By (21), N(t) = N(s 2 ) = 2iV(£i, £ 3 ), 
N(Z(p) x r) = A r (s 3 ) = 2 JAT(£i,£ 3 ), thus N(Z(p) x r) = JN(t). Now we set 
A\ = ||A r (r)||^ 1 A^(T), A 2 = JAi, A 3 = K T A \, A4 = K^^ xt Ai. Note that 
A 4 = JA 3 by (4). In view of (20), we have for every X £ T p M 

j(Vx3, Vaj3) 

= JX)g(N(r), J A) + g(N(Z{p) x r), JX)g(N(3(p) x r), J A)] 

lo 

= ^\\N(T)\\ 2 g(A 1 ,X). 
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and 

5(VAd,V.4 2 a) = ^||IV(t)|| 2 5 (A 2 ,X). 

Note also that 

ff(V. 4l ^VA 2 3) = 0. 

Therefore 

( Al )S(p) - i||Ar( r )||2 V ^3’ {M)^) - m(TW ^ 

is a h t - orthogonal basis of the normal space of 3(M) at 3(p). It follows from 
Proposition 1 that the normal component of the vertical part of Trace V-3* at s(p) 
vanishes if and only if 

g(Trace V 2 3, V Al 3) = g(Trace V 2 3, Va 2 3) = 0. (23) 

Using (20), we see that 

V j4i a = ^||IV(t)||3(p) X t = ^||-N(t)||(Ai a a 4 + a 2 AA 3 ), 

Va 2 3 = -^||IV(r)||T = -i||7V(r)||(Ai A A 3 + A 4 A A 2 ). 

It follows from (18) that (23) is equivalent to the identities 

p*(A!,A 3 ) = p*(A 2 ,A 4 ), p*(A 1 ,A 4 )=p*(A 4 ,A 1 ). 

Now, taking into account (14), we see that (23) is equivalent to p*(N(r),X) = 
p*(X, N(t)) for X !_ {N(t),JN(t)}, i.e. p*(X,Y) = p*(Y,X) for X _L Af p , Y G 
J\f p . The subspace M p and M p of T p M are two-dimensional and J-invariant, and 
it follows from (14) that p*(X,Y) = p*(Y,X) for 1,7 £ M p or 1,7 £ M p . Thus 
identity (23) is equivalent to p* being symmetric. 

In view of (22), the normal component of the horizontal part of TraceXZ* 
vanishes if and only if 

Trace {Ag TM 3r-> R(t)(N(t))} T {A±, A 2 j. 

This proves the statement. 


5. Examples 

In this section we give examples of almost Hermitian structures that determine 
harmonic maps into twistor spaces. We also provide an example of a Hermitian 
structure that is a minimal isometric imbedding and a harmonic section of the 
twistor space (in sense of C. Wood [23, 24]) but not a harmonic map. 

5.1. Kodaira surfaces. Recall that every primary Kodaira surface M can be ob¬ 
tained in the following way [17, p.787]. Let <pk(z,w) be the affine transformations 
of C 2 given by 

ip k (z,w) = (z + a k ,w + akZ + bk), 
where a k , b k , k = 1,2,3,4, are complex numbers such that 

a\ = a 2 = 0, Im(a 3 a 4 ) = mb\ ^ 0, b 2 ^ 0 

for some integer m > 0. They generate a group G of transformations acting freely 
and properly discontinuously on C 2 , and M is the quotient space C 2 /G. 
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It is well-known that M can also be describe as the quotient of C 2 endowed with 
a group structure by a discrete subgroup T. The multiplication on C 2 is defined by 

(a, b).(z, w) = (z + a, w + az + b), (a, b), ( z , w) € C 2 , 


and T is the subgroup generated by ( ak,bk ), k = 1, ...,4 (see, for example, [5]). 

Further we consider M as the quotient of the group C 2 by the discrete subgroup 
r. Every left-invariant object on C 2 descends to a globally defined object on M 
and both of them will be denoted by the same symbol. 

We identify C 2 with M 4 by (z = x + iy, w = u + iv) —> (x, y, u, v) and set 


Odd 

A ' = Si- X -gi +y 5P 


d d d 
2 = fry~ V ~{hi~ X !h>' 


A d A d 
A3 — ~ ■ A4 — 


du dv' 

These form a basis for the space of left-invariant vector fields on C 2 . We note that 
their Lie brackets are 


[^1,^2] — —2^4, [Alj, A,-] — 0 

for all other i,j. It follows that the group C 2 defined above is solvable. 

Denote by g the left-invariant Riemannian metric on M for which the basis 
Ai,...,A 4 is orthonormal. 

We shall show that any integrable or symplectic almost complex structures J 
on M compatible with the metric g and defined by a left-invariant almost complex 
structure on C 2 is a harmonic map from ( M,g ) to (Z, ht). 

Note that by [15] every complex structure on M is induced by a left-invariant 
complex structure on C 2 . 

I. If J is a left-invariant almost complex structure compatible with g, we have 
JA. t = y;j_ 1 ciijAj where are constants with aij = —a^j. Let N be the Nijenhuis 
tensor of J. Computing N(Ai,Aj) in terms of a»j, one can see ([18, 7]) that J is 
integrable if and only if 

J A\ — £1^.2, <7^.3 £2^4, £1, £2 = ±1. 

Denote by 9 the Lee form of the Hermitian structure (M, g , J) where J is defined 
by means of the latter identities. 

The non-zero covariant derivatives V 4, Aj are 

= — V J 4 2 2li = —A 4 , = Va 4 ^4i = A 2 , \7 a 2 A-4 = V A 4 A 2 = —A\. 

This implies that the Lie form is 

0(X) = -2 e l9 (X,A 3 ). 

Therefore 


B = -2£i^ 3 , V6» = 0. 

Set for short Rijk = R(A\, Aj)Ak- Then the non-zero Rijk are 
i?121 = — 3 ^ 2 , R122 = 3 Ai, i?i 4 i = A4, 


R 144 = —Ai, R242 = A4, R244 = —A2. 

Set also pij = p(Ai,Aj), pL = p*(Ai,Aj). Then 

Pij = 0 and p*j = 0 except 
P11 = P22 — — 2, P44 = 2, pii = P22 = — 3. 


(24) 


( 25 ) 
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It follows form (24), (25) and Theorem 1 that the complex structure J is a harmonic 
map from ( M,g ) to the twistor space (Z, ht). 

It is easy to describe explicitly the twistor space ( Z,h t ) ([7]) since A 2 + M admits 
a global orthonormal frame defined by 

Sl = £\ A\ AA 2 -\-£2A 3 AA 4 , S2 = A\/\A^-\-£\£2A^/\A2i S3 = £ 2 A 4 AA 4 -\-£iA 2 AA 3 . 

It induces a natural diffeomorphism F : Z = MxS 2 , ]P fc=1 x kSk{p)) —> {p,x 1 , 2 : 2 ,£ 3 ), 
under which J determines the section p — > (p, 1, 0,0). In order to find an explicit 
formula for the metrics ht. we need the covariant derivatives of si, S 2 , S 3 with respect 
to the Levi-Civita connection V of g. The non-zero of these are 

VA1S1 = — C2Va 4 S2 = —£l£ 2 S 3 , eiVa^ = — Va 2 S 2 = £2Si; 

£2Va 2 S1 = —£iVa 4 S3 = S 2 • 

It follows that P* sends the horizontal lifts A \,..., A\ at a point cr = Yhk =1 x kSk{p) £ 

Z to the following vectors of TM ®TS 2 

Ai +£i£ 2 (-x 3 ,0,xi), A 2 +£ 2 (x 2 ,-x 1 ,0), A 3 , A4 + £l(0, x 3 , —x 2 ). 

For x = (xi,x 2 ,x 3 ) € S 2 , set 

Ui(x) = £i£ 2 (-X 3 ,0,Xi), U 2 (x) = £ 2 (x 2 ,-Xi,0), U 3 (x) = 0, U 4 (x) = £1 (0, X 3 , - 

Denote the pushforward of the metric ht. under F again by ht ■ Then, if X, Y £ T p M 
and P, Q £ T X S 2 , 

4 4 

ht(X + P,Y + Q) = g(X, Y)+t<P-J2 Q-Y, -9( y > A i) u i( x ) > 

i—i j =i (26) 

where < .,. > is the standard metric of R 3 . 

II. Suppose again that J is an almost complex structure on M obtained from a 
left-invariant almost complex structure on G and compatible with the metric g. 
Set J At = X)j=i a ij A j■ Denote the fundamental 2-form of the almost Hermitian 
structure (g, J) by f l. The basis dual to A i, A 4 is 

04 = dx, a 2 = dy, a 3 = xdx + ydy + du, a 4 = —ydx + xdy + dv. 

We have da i = da 2 = da 3 = 0, da 4 = 2 dx A dy. Hence 

dO = d ciijai A ay = —2a 34 dx A dy A du. 
i<j 

Thus dfl = 0 is equivalent to 034 = 0 . If <234 = 0 , we have a 4 j = a 2 j = 0 for j = 1 , 2 , 
azk = a 4 k = 0 for k = 3 , 4 , 043 + af 4 = 1 , ai 3 a 2 3 + 014024 = 0 , a| 3 + 024 = 1 . It 
follows that the structure (g, J) is almost Kahler (symplectic) if and only if J is 
given by ([ 18 , 7 ]) 

JAi = — £1 sin ip A 3 + £i £2 cos g)A 4 , JA 2 = — cos,<pA 3 — £ 2 sin<pA 4 , 

JA 3 = £1 sintpAi + cos <pA 2 , JA 4 = —£i £2 cos<pAi + £2 sin <pA 2 , 

£ 1 , £2 = ± 1 , ip £ [0,27r). 

Let J the almost complex structure defined by these identities for some £ 1 , £ 2 , ‘P- 
Set 

E\ = Ai, E 2 = — £1 sin<pA 3 +£i £2 cospA 4 , E 3 = cospA 3 +£ 2 s\n.pA 4 , E 4 = A 2 . 
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Then Ei,...,E a is an orthonormal frame of TM for which JE\ = E2 and JE3 = E 4 . 
The only non-zero Lie bracket of these fields is 

[Ei,Ei] = — 2 (ci £ 2 cos ipEz + £2 sin ipE 3 ). 

The non-zero covariant derivatives V E t Ej are 

Vsi-^2 = ^e 2 E 1 = d£2 cos ipE 4 , W e 4 E 3 = V e 3 E\ = £2sin(/?£ , 4, 

V EiE A = —V e 4 Ei = —£i£2 cos <pE 2 — £2 sin <pE 3 , 

We 2 E a = Ve 4 £ , 2 = £i£2 cos pE\ , S 7 e 3 E a = S 7 e 4 E 3 = —e 2 smipEi. 

Set Rijk = R{Ei , Ej)Ek- We have the following table for the non-zero components 
of the curvature tensor R: 

R121 = COS 2 (pE 2 + ^£1 sin 2 <pE 3 , R A2 2 = - cos 2 ipE A , R A23 = -^£1 sin 2 pE - y , 

1 2 1 2 
LC131 = sm 2(pE2 + sm ipE 3i R 132 = --£1 sm 2 ipE u R 133 = - sin ipE i, 

R\ A \ = —3L/4, Rl4A — 3 /f 1 . 

-R242 = COS 2 ipE 4 , i?243 = ^£1 sin 2 pE 4 , R 2 44 = - cos 2 pE 2 - ^£1 sin 2 ipE 3 , 

1 2 1 2 

i?342 = -£1 sin 2 <pE 4 , i? 343 = sin <pE 4 , i? 344 = --£4 sh^^i^ - sm ipE 3 . 

Define an orthonormal frame Si, l = 1 , 2 , 3 , of A +TM by means of E A ,..., £4. Then 
S2,S3 is a frame of A \TM and by ( 21 ) 

N(s 2 ) = 2 N(E a ,E 3 ) = —4 £i£2 cosipEi +4£2sinc/LE4, 

N(s 3 ) = 2 N(E 4 ,E 4 ) = 4 £i£2 cos (pE 2 + &e 2 sin ipE 3 . 

It follows that 

Trace {A 2 TM R(t)(N(t))} = i?(s 2 )(Ar(s 2 )) + R(s 3 ){N{s 3 )) = 0 . 

Setting p*j = p*(Ei,Ej), we have 

P*n = P22 = cos 2 T, P* 3 3 = pIa = sin2 V, P*u = Pli = sin 2 y> 

and the other p*j vanish. Thus, by Propostion 2 , the almost Kahler structure J is 
a harmonic map ( M,g ) —> ( Z , h t ). 

As in the preceding case, it is easy to find an explicit description of the twistor 
space Z of M and the metric ht ([ 7 ])- The frame si,s 2 ,s 3 gives rise to an obvious 
diffeomeorphism F : Z = M x S 2 under which (J becomes the map p —> (p, 1 , 0 , 0 ). 
We have the following table for the covariant derivatives of Si, S2, S3: 

VbjSi = Ve 4 s 2 = £i£2COS<ps 3 , V_e 4 si = -Vb 1 s 2 = —£2 sin (ps 3 , 

Ve 2 Si = £l£2 COS(^S2, Vs 2 S2 = — £l£2 COS ifiSi , Ve 2 S3 = 0 , 

Ve 3 Si = £2 sini£s 2 , Ve 3 S2 =-£2sin<psi, V.E3S3 = 0 , 

Ve 4 S 3 = —£l£2 COS<^Si — £2 sinc^S2, V E 4 $3 = £2 sint^Si — £i£ 2 cos ips 2 . 
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Using this table we see that F* sends the horizontal lifts E^, i = 1,4, to Ei +m 
where 

u\{x) = (cc 3 £i £2 cos ^362 sin^j, —xi£i £2 cos (/? — a; 2£2 sin </?), 

U 2 {x) = (a’ 2 £l £2 cos <fi, — Xi£i £2 COS (p, 0), U 3 (x) = (X 2^2 sin (f, — X 4 S 2 sin ip, 0) 

u±{x) = (— x ^£2 sin <p, x 3 £ 4 £2 cos <p, X \£2 sin Lp — 3 .’ 2 £l £2 cos ip). 
for x = (x 4 ,X2,x 3 ) £ S 2 . Then, if X,Y £ T p M and P,Q£ T X S 2 , 

4 4 

h t (X + P 1 Y + Q) = g(X, Y) + t<P-J2 E M X )> 0-E - 9(y ’ E i) u A x ) > ■ 

i= i i=i (27) 

5.2. Four-dimensional Lie groups. We shall show that every left-invariant al¬ 
most Kahler structure ( g 1 J) with J-invariant Ricci tensor on a 4-dimensional Lie 
group M determines a harmonic map J : ( M,g ) —> ( Z,ht )■ 

These (non-integrable) structures have been determined in [12]. According to 
the main result therein, for any such a structure ( g , J), there exists an ortlionornral 
frame of left-invariant vector fields E \,..., £4 such that 

J E\ = P' 2 ., J E 3 = E 4 


s 2 s 2 - f 2 

[Fi,F 2 ] = 0, [Ei,E 3 \ = sE\ + — F2, [Fi,F 4 ] = — — — E\ — SE2 

[E 2 , E 3 ] = — tEi — sE 2 , [F 2 ,F 4 ] = — sEi — ^ E 2 , [E 3 ,E 4 ] = — -—F 3 

where s and t ^ 0 are real numbers. Then we have the following table for the 
Levi-Civita connection 

„ „ „ s 2 -t 2 „ „ s 2 -t 2 „ „ „ „ s 2 + 1 2 . 


s 2 +t 2 


„ s 2 -t 2 „ 

X El Ei = sE 3 E 4 , 

Ve 2 F 1 

to 

to 

1 

to 


V Ex E 2 = ^3 + SE4, 

Xe 2 E2 

„ „ „ s 2 ~t 2 ^ 


X 7 El E 3 = sE\ + ^ E2, 

V e 2 E 3 


s 2 + t 2 


s ^ — ft s ^ — ft S ^ -|- ft 

V El E 4 = ———Ei — SE2, Ve 2 E 4 = —sEi -—— E2, V e 3 E 4 = --— E 3 

Xe 4 E± = V Ei E 2 — V e 4 E 3 = V Ei E 4 = 0 . 

This implies the following table for the components Rijk = R{E 4 , Ej)Ek of the 

s 2 + t 2 

curvature tensor; in this table A =-. 

2 1 


R121 = 

2 A E 2 , 

R 122 = ■ 

- 2 A E u 

7?123 = 

2 AF 4 , 

Rl24 = 

- 2 A E- 

Rl31 

= -A E 3 

> Rl32 : 

= xe 4 , 

7?133 = 

AF-i, . 

Rl34 = ^ 

■xe 2 , 

R\a 

= -\e 4 

, 7 ?i 4 2 : 

= -A E 3 , 

Rl43 

= xe 2 , 

Rl44 = 

XE U 

R231 

= -xe 4 

> R‘232 : 

,_co 

-c 

ll 

R233 

= xe 2 , 

R234 = 

XE U 

i?241 

Kl 

•< 

II 

R'242 = 

—af 4 , 

R243 = 

-X E x , 

R244 = 

XE2 , 

R341 = 

2 A E 2 , 

R342 = - 

- 2 AF l7 

7?343 = 

-4 A E 4 , 

R344 = 

= 4 AF; 
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Then the non-zero p*j = p*{Ei,Ej) are 

Ph = P*22 = 4A, Pi 3 = pU = -2A. 

Therefore the *-Ricci tensor p* is symmetric. 

Set s 2 — Ei A £3 T £4 A £2, S3 — E\ A £4 -t- £2 A £3. Then 

iV( S2 ) = 2 N(Ei, £3) = —8(s£i + £2), 

iV(s 3 ) = 2AT(£i, £4) = 8(-^^£i + s£ 2 ). 

It follows that 

Trace {AgTM 9 r -> £(t)(1V(t))} = 0. 
Thus, according to Theorem 4, J is a harmonic map. 


5.3. Inoue surfaces of type S°. . It has been observed in [20] that every Inoue 
surface M of type S° admits a locally conformal Kahler metric g (cf. also [9]). 
The map 3 : (. M,g ) — > ( Z,h t ) determined by the complex structure of M is a 
minimal isometric imbedding that is a harmonic section of the twistor space but 
not a harmonic map. To see this let us first recall the construction of the Inoue 
surfaces of type S° ([16]). Let A G SL{ 3, Z) be a matrix with a real eigenvalue a > 1 
and two complex eigenvalues /3 and /?, /? ^ fi. Choose eigenvectors (01,02, 03) € 
and (61,62, b 3 ) G of A corresponding to a and /?, respectively. Then the vectors 
(oi, 02,03), (61, b 2, b 3 ), ( 61 , 62, fe) are C-linearly independent. Denote the upper-half 
plane in C by H and let T be the group of holomorphic automorphisms of H x C 
generated by 

g a : (•w , z) {aw, (3z), g t : (w, z ) -9 (w + a», 2 + 6i), * = 1,2, 3. 

The group T acts on H x C freely and properly discontinuously. Then M = (H x 
C)/T is a complex surface known as Inoue surface of type S°. As in [20] , consider 
on H x C the Hermitian metric 


g = —^{du ® du + dv ® dv) + v{dx <S> dx + dy <g) dy), u + iv G H, x + iy G C. 
v z 

This metric is invariant under the action of the group T, so it descends to a Her¬ 
mitian metric on M which we denote again by g. Instead on M , we shall work with 
T-invariant objects on H x C. Let f l be the fundamental 2-form of the Hermitian 
structure ( g , J) on H x C, J being the standard complex structure. Then 

dQ = — dv A f l. 
v 

Hence the Lee form is 9 = din e. In particular, dd = 0, i.e. {g, J) is a locally 
conformal Kahler structure. Set 


d d 1 d 

£ I=v—, E 2 =V—, E 3 = —= — , £4 

OU OV y/V OX 


J_d_ 

y/v dy' 


These are T-invariant vector fields constituting an orthonormal basis. Note that the 
vector field dual to the Lee form is B = £ 2 . The non-zero Lie brackets of £ 1; ..., £4 


are 
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Then we have the following table for the Levi-Civita connection V of g: 


V e x Ei — E 2 , V e x E 2 — —Ei, 

„ 1 „ 1 1 _ „ 1 
\7 e 3 E 2 = —E$, V E 3 -E 3 = --^E 2 , V e 4 E 2 = --E 4 , ^EiEi = —E 2j 

and all other V E*Ej =0. It follows that 

p(E k ,B)=p*(E k ,B) = 0 fork =1,3,4, p{ E 2 ,B) = -| p*(E 2 ,B) = -l. 

By Corollary 2 3 : ( M,g ) -A ( Z,ht) is a harmonic section. It is also a minimal 
isometric imbedding by Theorem 3. But 3 is not a harmonic map according to 
Theorem 1. 
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